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Abstract. Let k be an algebraically closed field of characteristic p > 3 
and g a restricted Lie superalgebra over k. We introduce the definition 
of restricted cohomology for g and show its cohomology ring is finitely 
generated provided g is a basic classical Lie superalgebra. As a conse- 
quence, we show that the restricted enveloping algebra of a basic clas- 
sical Lie superalgebra g is always wild except g = sb or g = osp(l|2) or 
g = C(2). All finite dimensional indecomposable restricted representa- 
tions of u(osp(l|2)), the restricted enveloping algebra of Lie superalgebra 
osp(l|2), are determined. 
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1. INTRODUCTION 

1.1. As generalizations and deep continuations of classical Lie theory, Lie 
superalgebras, supergroups and their representation theory over the field of 
complex numbers C have been studied extensively since the classification 
of finite dimensional complex simple Lie superalgebras by Kac [18]. More 
on supergroups, supergeometry and super symmetric theory can be found in 
im I22j . In recent years, there has been increasing interest in modular 
representation theory of algebraic supergroups. Especially, the modular 
representations of GL(m\n), Q{n) and ortho-symplectic supergroups have 
been initiated by Brundan, Kleshchev, Kujawa [HI El [3 El [20], and Shu- 
Wang [29]. A systemic research of modular Lie superalgebras has been 
started [331 [M]. [33]) the super version of the celebrated Kac-Weisfeiler 
Property is shown to be hold for the basic classical Lie superalgebras, which 
by definition admit an even nondegenerate supersymmetric bilinear form and 
whose even subalgebras are reductive. Actually, the modular representation 
theory of supergroups and Lie superalgebras not only is of intrinsic interest 
in its own right, but also has found remarkable applications to classical 
mathematics. See |29] for some historical remarks. 

Support varieties were introduced in the pioneering work of Alperin [T] 
and Carlson [9l [10] nearly 30 years ago as a method to study complexes and 
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resolutions of modules over group algebras. They open an algebro-geometric 
gate to linear representations of finite groups. Since then such ideas have 
been extended to restricted Lie algebras [I6] , Steenrod algebra [26] , infinites- 
imal group schemes [32J, arbitrary finite dimensional cocommutative Hopf 
algebras [T7] and even to finite dimensional algebras [30] . See [31] for a nice 
survey on the theory of support varieties. 

1.2. Up to now, we are lack of this algebro-geometric tool for modular 
Lie superalgebras, perhaps due to the representation theory of simple Lie 
superalgebras over C is already very difficult and remains to be better un- 
derstood. Recently, such tools were introduced for Lie superalgebras over 
C in [3] by using so-called relative cohomology. It seems that the methods 
used in |3] can not be applied to positive characteristic case. The main aim 
of this paper is to establish a kind of definition for a support variety, which 
is suitable for our purpose, and give an application. At first, we realize that 
for any restricted Lie superalgebra q one can relate it with an ordinary Hopf 
algebra u(0) xi KZ2 possessing equivalent representation theory as u(0). So 
we can pass from "super world" to the "usual world" without losing infor- 
mation. Using this ordinary Hopf algebra, we can define its cohomology 
algebra naturally. 

It is known that support varieties can be defined once the finite generation 
of cohomology is established, which is hard to prove in general. In this paper, 
we prove this finite generation property for the class of basic classical Lie 
superalgebras. It consists of several infinite series and 3 exceptional ones. 
We divide our proof in two different case 7^A(l,l)org = A(l,l). In the 
first case, we give a two-step filtration to reduce u(0) to a familiar algebra 
whose cohomology ring is known and each of filtration involves a convergent 
spectral sequence. We find some permanent cycles in such spectral sequences 
and apply a lemma cited from [23] to conclude finite generation. To give 
the filtration, a new kind of PBW basis are developed. We put the case 
g = A(l, 1) in a bigger context, in which all u(g) are equipped with a nice 
filtration similar to the coradical filtration of a coalgebra. Through this 
one-step filtration, we can reduce u(A(l, 1)) to a familiar algebra already. 
Then the same idea developed in the first case can be applied. 

One central question in the modern representation theory of algebras is 
the determination of the representation type. By Drozd's fundamental tri- 
chotomy [12], finite dimensional algebras over an algebraically closed field 
may be subdivided into the disjoint classes of representation finite, tame 
and wild algebras. As an application of support varieties we built, we will 
prove all u(0) are wild with only three exceptions: Q = 5(2, osp(l[2), C(2). 
The case C(2) is conjectured to be wild and we have known u(s[2) and 
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u(osp(l|2)) are tame. Inspired by the similarity between 5I2 and 05p(l|2) 
and for further understanding of the representations of modular Lie super- 
algebras, all finite dimensional restricted indecomposable osp(l|2)-modules 
are also characterized. 

The paper is organized as follows. All subsidiary results to prove the finite 
generation of cohomology algebras are builded in Section 2. Especially, a 
new kind of PBW basis suitable for our purpose and some filtrations are 
given. Section 3 is to give the proof of finite generation. The definition 
of a support variety is given in Section 4. Moreover, its connections with 
complexity and representation type are established. As the final conclusion 
of this section, the representation type of any u(0) is determined except the 
case C(2), which is conjectured to be a wild algebra. In the last section of 
this paper, a complete list of all finite dimensional restricted indecomposable 
05p(l|2)-modules up to isomorphism is formulated. 

2. PRELIMINARIES 

Throughout of this paper, n is an algebraically closed field of characteristic 
p ^ and p > 3 is always assumed unless stated otherwise. All spaces are 
K-spaces. All modules are left modules. 

2.1. Hopf algebras in Yetter-Drinfeld categories. Let J be a Hopf al- 
gebra with bijective antipode and '2 the category of the Yetter-Drinfeld 
modules with left J-module action and left J-comodule coaction. It is nat- 
urally forms a braided monoidal category with the braiding 

CM,N ■ M ® N ^ N ® m(g)ni->^no(8> n_i • m, 

where n 1— )• "Y^n^i ® uq, N — > J ® N denotes the comodule structure, 
as usual. Let A be a braided Hopf algebra in Si. By definition, it is 
an algebra as well as coalgebra in j^^^ such that its comultiplication and 
counit are algebra morphism, and such that the identity morphism has a 
convolution inverse in ■^j'S^Si. When we say that the comultiplication A : 
A ^ A ® A should be an algebra morphism, the braiding defined as above 
arises in the definition of the algebra structure oi A® A and so A is not an 
ordinary Hopf algebra in general. Through the Radford-Majid bosonization 
|2H I27j. it gives rise to an ordinary Hopf algebra j4 x J. As an algebra, this 
is the smash product A^J, and it is the smash coproduct as a coalgebra. 

Lemma 2.1. Let J be a Hopf algebra with bijective antipode and A a braided 
Hopf algebra in S . Then the cohomology ring H*(74, k) := 0j>o Ext^(K, k) 
is a braided graded commutative algebra in S. 
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Proof. By Theorem 3.12 in [23], the Hochschild cohomology ring 

is a braided graded commutative algebra in Ql. By the standard bar reso- 
lution for computing these extension groups, one can see that Ext^(«;, k) = 
Ext^^^op ( A, «;) for i > (see also subsection 2.4 in [23j). The proof is 
complete. □ 

2.2. Cohomology of restricted Lie superalgebras. We fix some notions 
at first. By definition, a super algebra is nothing but a Z2-graded algebra. 
By forgetting the grading we may consider any superalgebra A as a usual 
algebra and this algebra will be denoted by \A\. For any two Z2-graded 
vector spaces V,W, we use liomf^{V,W) to represent the set of all linear 
maps from V to TV and Hom ^fK W) to denote that of all even linear maps. 

Now let A = ^0 ffi ^1 be a superalgebra. Then there is a natural action 
of Z,2 = {g\g^ = \) on A given by 

g ■ a = a, g ■ b = —b, ior a G Aq, b £ Ai. 

Note that this definition makes sense as stated only for homogeneous ele- 
ments, it should be interpreted via linearity in the general case. Thus A is 
a KZ2-module algebra (for definition, see Section 4.1 in [25j ) and the smash 
product A#k7j2 is a usual algebra. We use ^-smod to denote the category 
of all finitely generated left ^-supermodules with even homomorphisms and 
A^n7j2-'aiod the usual finitely generated left ^#KZ2-modules category. 

Lemma 2.2. Let A be a superalgebra. Then y4-smod is equivalent to A^h7j2- 
mod. 

Proof. Let M = Mq © Mi be an A-supermodule and g ^1^2 the generator of 
Z2. Through assigning g-ruQ := rriQ, g-rrii := —mi for mo G Mq, mi £ Mi, 
M is a KZ2-module. Now just define the action of A^kL2 on through 
{a ® g) ■ m := a ■ {g ■ m) for a € A and m G M. To show it is indeed an 
A#«;Z2-module, one need verify the equality 

(1 (g) g)(a (g) 1) • m = {{g ■ a) (S^ g) ■ m, (*) 

for a £ A and m £ M. It is not hard to see that this is equivalent to the 
fact AiMj C Mi+j for z, j G Z2. 

Conversely, let M be an ^#KZ2-module. Since the characteristic of k, is 
not equal to 2, KZ2 is semisimple. Therefore, M = Mq © Mi with Mq = 
{m G M\g ■ m = m} and Mi = {m G M\g ■ m = —m}. Also, the equality 
(*) implies that AiMj C Mj+j for i,j G 1^2- Thus M is an ^-supermodule. 

At last, it is clear that Hom^(— ,— ) = Hom^^KZ2(~! ~)- The lemma is 
proved. □ 
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Now we specialize this simple observation to the case of restricted en- 
veloping algebras of restricted Lie superalgebras. 

Definition 2.3. A Lie superalgebra = 0o © 0i is called a restricted Lie 
superalgebra, if there is a pth map 0o — > 0O) denoted as satisfying 

(a) (cx)[p] = c^x'^] for all c G and x G 0o, 

(b) = {adxY{y) for all x G go and y £ Q, 

(c) (x + = xW + j/lfl + Si{x, y) for all x,y & Qo where isi is the 
coefficient of A*~^ in (ad(Ax + y)Y~^{x). 

In short, a restricted Lie superalgebra is a Lie superalgebra whose even 
subalgebra is a restricted Lie algebra and the odd part is a restricted mod- 
ule by the adjoint action of the even subalgebra. All the Lie (super)algebras 
in this paper will be assumed to be restricted. For a restricted Lie su- 
peralgebra 0, U{q) is denoted to be its universal enveloping algebra and 
u(0) = U (0) /{x'P — xW |x G 0o) its restricted enveloping algebra. The follow- 
ing is a consequence of PBW theorem for U (g) and u(g). 

Lemma 2.4. Let = 0o ® 0i a Lie superlagebra and xi, . . . ,Xs a basis 
0/01, yi,... ,yt a basis of Qq. Then 

(1) U{q) has a basis 

{x«i ■■■xfy^'--- y\* \h G N, = 0, 1 for all i, j}. 

(2) u(0) has a basis 

{xi' ■■■xfy\'--- yf |0 < 6i < p, aj = 0, 1 for all i, j}. 

The following proposition gives new kinds of PBW basis, which are suit- 
able for our purpose. 

Proposition 2.5. Let = 0o © 0i be a Lie superalgebra and xi, . . . ,Xs a 

basis of Qi in which we assume [xi,Xj] = for i < si and Zj := [xj,Xj] 
for si < j < s. Assume that Zs-^+i, ■ ■ ■ are linear independent and denote 
the subspace of Qq spanned by them by V. Let W be a subspace of Qq such 
that Qo = W (BV and yi, ■ ■ ■ ,yti be a basis of W. Then 

(1) U{q) has a basis consisting of 

^"1 . . . ^"st&i . . . J'''-n„.ci . . . c*i 
■^1 -^si-^si+i -^s wi yti 

where < Oj < 2, 6j, G N for all i,j, k. 

(2) u(0) has a basis consisting of 

•^1 -^si-^si+i -^^ »! yti 
where < < 2, < 6j < 2p , < Cfe < p for all i,j, k. 
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Proof. We only prove (2) since (1) can be proved similarly. By assumption 
the set {zi,yj\si < i < s,0 < j < ti} is a basis of go- Owing to Lemma 2.4 
(2), 

{xl^ ■ ■ ■ xfy\' ■ ■ ■ y\l^^:::i |0 < 6, < p, a, = 0, 1 for all 

is a basis of u(0) where we set yt^+i '■= Zi {si + 1 < i < s) for consistence. 
By the proof of the PBW theorem, there is no any restriction on the order 
of elements we choose and thus the following elements also form a basis of 
u(0): 

where < 6j < p, Oj = 0, 1 for all j. Since 

Zi — — 

in u(0) for si + 1 < i < s, the set {xfzl''\ai = 0,1, ^ < h < p} = 
{a(mj)x™''|0 < nii < 2p, some / a{nii) € k}. So we can abbreviate ele- 
ments of (2.1) and get the ones described in the proposition. The conclusion 
is proved. □ 

Both U{q) and u(g) are super cocommutative Hopf algebras. Thus they 
are braided Hopf algebras in ^^2^ particular, u(g)#KZ2 is an ordinary 
algebra. Actually, it is a Hopf algebra by above subsection. Let M, be two 
u(g)#KZ2-modules and P, — )• M be a projective resolution of M. Define 

ffu(g)(M,iV) := Extj,(g)#,^^(M,iV) = ff (Hom,(g)#,2;, (P., iV)), 

ff(u(s),M) :=Extl,^^)^^^^iK,M) and 

for i > 0, where k is the trivial u(0)#KZ2-module with the action gotten 
through the counit e : u(0)#kZ2 — )• n. 

Remark 2.6. By Lemma 2.2, this is equivalent to say that we consider 
the restricted cohomology of a restricted Lie superalgeba g exactly in the 
category u(g)-smod. That is, we only consider even homomorphisms. This 
is totally different with the relative cohomology defined in where the 
authors indeed bring all homomorphisms into consideration. 

For any coalgebra C, we denote Kere by C+ as usual. Also, as a usual 
algebra ju(0)| has its usual cohomology H*(|u(g)[, A^) for any [u(g)|-module 
A^. For any Hopf algebra H and ff-module M, we define := {m S 

M\h ■ m = e{h)m, for all h € H}. 

Lemma 2.7. Let N be a u{Q)-supermodule. Then for any natural number 
h 

ff(u(0),Ar)-ff(|u(0)|,Arr^^ 
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Proof. At first, we prove the conclusion in the case N = k. Note that |u(g)|"'" 
is the augmentation ideal of |u(0)|. Now consider the bar resolution of k 

(2.2) • • • ^ |u(0)| ^ (|u(0)|+)«2 ^ 4 ^ ^ 0, 

where di{ao(S'- • -^aj) = X^j=o(— l)-'«o®" " -(SjOjaj+i®- • -(^aj. Thus every dif- 
ferential map di is indeed an even homomorphism. Applying Hom|u(g)| (— , k), 
one get 

(2.3) O^Hom,(K,K) ^Hom,(lu(s)+U) ^Hom«(|u(0)+|®2,K) 

where 5i = d*. By definition, H*(|u(0)|,k) = Ker (5j/ Im Meanwhile, 
H*(u(0),k) is exactly the ith cohomology of the following complex 

^ Hom,,(K. k) H Horn Ju(0)+, k) \ Hom,J(u(q)+)^l k) % ■ ■ ■ . 

Since Hom,((u(0)+)^^ k)^^^ = Rom^^,{{u{Q) + )^\ k) = Horn J(u(0)+)®% k), 
ff(u(0),K) -ff(|u(0)|,K)«^2. 

In general, for any u(0)-supermodule A^, one can apply Hom|u(g)| (— , A") 
to (2.2) to get a similar complex like (2.3). Using totally the same argument 
as K, one can get the desired conclusion. □ 

The following result is a direct consequence of Lemma 2.1 by noting that 
u(0)#kZ2 is an ordinary Hopf algebra. 

Corollary 2.8. Let M he an u(Q)-supermodule. Then under cup product, 
H'^^(u(0), k) := 0j>o H^*(u(0), k) is a commutative algebra and H*(u(0), M) 
:= 0.>off(u(0),M) is an R^^ {u{g), k) -module. 

2.3. Basic classical Lie superalgebras. 

Definition 2.9. A Lie superalgebra is a basic classical Lie superalgebra if 
it admits an even nondegenerate supersymmetric bilinear form and its even 
subalgebra is reductive. 

In the following, we only deal with basic classical Lie superalgebras unless 
we state otherwise. We recall the list of basic classical Lie superalgebra (see 
[18\ I33j). They are four infinite series A(m,n), B(m, n), C(n), D(m,n) 
and three exceptional versions D(2, l;a), G(3), F(4) for a £ k\{0, 1}. 
They are still simple Lie superalgebras even the characteristic of base field 
is not zero. One merit of a basic classical Lie superalgebra is that it admits 
nice root space decompositions: 

= ll e 0o 

such that 

(i) is a Cartan subalgebra of 0; 

(ii) dimK0a = 1 for a G <I> except for A(l, 1); 
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(iii) Except for A(l, 1), [qq,, g^] 7^ if and only if a, /?, a + /3 G 
See Section 2.5.3 in |18j for details by noting we still can do such decom- 
positions in positive characteristic case. In order to discriminate different 
root in characteristic p case, we always assume p > 3. Also, we fix a root 
decomposition just as described in Section 2.5.4 in [18j from now on. <I> is 
called a root super system of q. Clearly, <I> = <I>o U where $0 is the root 
system of go ^-nd <I>i is the system of weights of the representation of go on 
gi. $0 is called the even system and <I>i the odd system. Define 

$11 := {a e ^>i|[ga,ga] = 0}, $12 := {a s $i|[ga,ga] / 0}. 

By observing the root supersystem of B(m, n), ^12 7^ </> in general. 

Lemma 2.10. Let q he a basic classical Lie superalgehra. Then for any 
a G $0 X G Qa, = in u(g). 

Proof. This should be known, but the author can not find suitable reference. 
So we give a short proof here. It is known that the even part go of a basic 
classical Lie superalgebra g is a direct sum of some Lie algebras of types 
A„, B„, Cn, D„, G2 and k. Therefore there is no harm to assume that go is 
a simple Lie algebra of type A„,B„,C„,D„ or G2. So go is generated by 
5[2-triples {ei,fi,hi\i G /}. Thus firstly we assume that x = Ci or x = fi 
for some i. Say, x = Cj. Note that ej commutes with all fj unless j = i 
and in this case ad{eiY{fi) = 0. So ad[eiY{fj) = for all j G I. From 
Serre's relation, ad{ei)^~°'^^ (ej) = where {aij)jxi is the Cartan matrix 
of go- This implies ad{eiY{ej) = for all j G I since p > 1 — aij by our 
assumption on p. Also clearly ad{eiY{hj) = for all j G /. By the definition 
of restricted Lie algebra, xt^^ lies in the center of go and so xl^^ = 0, which 
implies = in u(g) too. The case x = fi can be proved similarly. For 
general x G ga, it is well known that up to a scalar we can get x by applying 
the Lie algebra automorphisms Tj := exp{ad{ej))exp{ad{—fj))exp{ad{ej)) 
iteratively to some Cj or /j. Thus x^^^ lies in the center too. □ 

There is a filtration on u(g) with degrees 

degi(f)) = 0, degi(0g„) = l, degi(0g„) = 2. 

The associated graded algebra is denoted by Gr^(u(g)). It is still a super 
cocommutative Hopf algebra. It is not hard to see that there is a natural 
projection from Gr^(u(g)) to u(f)) and thus there is a subsuperalgebra Rg 
such that 

Gri(u(g)) = i2g#u(f)). 
Actually, Rg is the graded subalgebra generated by 9a- 
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For any set 5, its cardinal number is denoted by 5*. Assume that g 7^ 
A(l, 1). Then by property (ii) of the root space decomposition, up to scalers 
there is a unique nonzero element Xa belonging to Qa- 

Lemma 2.11. Assume that q 7^ A(l, 1) and let Xa defined as above. Then 
the graded algebra Rg has the following PBW basis consisting of elements 

(9 A\ r^ai _ _ _ ar ^bi _ _ _ bs c\ , , , ct 

where ai G $11, /3j G ^>i2,7fc ^ ^0, r = ^f^s = ^fa,^ = - ^ti a'^^ 
0<ai<2,0<bj<2p,0<Ck<pforl<i<r,l<j<s,l<k<t. 

Proof. Under the grading Gr^, one can see that 

So to show the conclusion, we can assume that 0a is a Lie subsuper- 

algebra of g. Being living in different root spaces, {[x^^, , x^^.] [1 < j < s} are 
linear independent. So Proposition 2.5 can be applied and thus the set of 
elements in (2.4) forms a basis of u(0^g^ga)- Clearly such elements are 
homogeneous in Rg and so they also give a basis of □ 

Throughout the following of this subsection, we always assume that g 7^ 
A(l, 1). In order to reduce Rg to a familiar algebra, we introduce another 
kind of filtration on Rg. To attack it, the degree of an element in (2.4) is 
defined to be 

deg2«i ■■■x'^l) = {ai,...,ar,bi,...,b^,ci,...,ct) G N** 

and totally order the elements (2.4) lexicographically by setting 

(1,0,...,0)>--->(0,1,...,0)>--->(0,0,...,1). 

For convenience and consistence, we set a^+j :=ft(l<^<s) and ar+s+i '■= 
li{l<i< t). 

Lemma 2.12. Under the total order defined above, for all i < j, 
deg2(,[xai,Xaj]) < dega (a;^; a^a, ) 

unless [Xai,Xaj] = 0. 

Proof. It is not hard to sec that any x G ©^.g^y actually lies in the center of 
Rg. So to show the lemma, one can assume that both .t„^ and .Tq,. arc odd 
elements and [xq.^ , Xaj ] ^ 0. Now [ XaiiXaj] liss in go automatically and thus 
either [xa,,Xaj] = cxai for / > j and 7^ c G k or [xai,Xaj] = d[xa;^,XaJ for 
some odd element with [xa^.,Xa^.] 7^ and 7^ d G k. In the first case, the 
conclusion is clear. In the second case, we still need to consider two cases: 
[xai,Xai] = [xaj,Xaj] = or either of them is not zero. Also, the first case 
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implies that j < k hy the PBW basis we choose and thus the conclusion is 
proved. By property (iii) of the root space decomposition, Oi + aj is still 
a root and it is equals to 2ak by assumption. Comparing with the root 
supersystem listed in Section 2.5.4 in [IS], this is happened only in the case 



By Lemma 2.12, the above ordering induces a filtration on Rq. The 
associated graded algebra is denoted by Gr^(i?g). It is generated by {x^Jl < 
i < <!)# — } with relations 

(2.5) K,x„J = fori^^i, x^;=0 

where 



2, < i < 
2p, ^-fi + 1 < i < + 



p, ^>f^ + ^>f2 + 1 < i < - ^>f2. 

Note that Gr^ (i?g) inherits the action of u(f)) from that on Rg naturally, 
define 

Gr2(u(0)) := Gr2(i?g)#u(f)). 

2.4. Spectral sequences and finite generation. We will see in the next 
section that there are some convergent spectral sequences associated to the 
filtrations given in Subsection 2.3. The following lemma, which is essentially 
used in this paper, is given in |23j as its Lemma 2.5. Recall that an element 
a G Er''^ is called a permanent cycle if (i,(a) = for all i > r. 

Lemma 2.13. (1) Let E\''^ =^ El^'^ be a multiplicative spectral sequence of 
K-algebras concentrated in the half plane p+q > 0, and let A*'* be a bigraded 
commutative K-algebra concentrated in even (total) degrees. Assume that 
there exists a bigraded map of algebras ip : A*'* — > E^'* such that 

(1) ip makes E^'* into a Noetherian A*'* -module, and 

(ii) the image of A*'* in E^'* consists of permanent cycles. 

Then E^ is a Noetherian module over Tot{A*'*). 

(2) Let E\''^ =^ E^'^ be a spectral sequence that is a bigraded module over 
the spectral sequence E*'*. Assume that El'* is a Noetherian module over 
A*'* where A*'* acts on E^'* via the map cp. Then E^ is a finitely generated 
E^-module. 

3. Finite generation 
The following conclusion is one of main results of this paper. 

Theorem 3.1. Let q be one of basic classical Lie superalgebras over k and 
u(g) its restricted enveloping algebra. Then 

(1) the algebra H*(u(0),k) := 0.>q H*(u(g), k) is finitely generated. 
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(2) H*(u(0),M) is a finitely generated module over H*(u(g),K) for M a 
finitely generated u{Q)-supermodule. 

We will divide the proof into two cases: g ^ A(l,l) or g = A(l,l). 
The basic idea of the proof is to modify the procedure developed in [23] 
into our cases by applying preliminary results gotten in Section 2. Firstly, 
g 7^ A(l, 1) is assumed until Subsection 3.4. 

3.1. Cohomology of Gr^(u(g)). The algebraic structure of Gr^(i?(g)) has 
been described clearly in (2.5). Recall that we denote the usual algebra of 
superalgebra A by 1^41 . For continuation, we write the algebraic structure 
of [ Gr^(i?(g))| again as follows: it is generated by {x^. |1 < i < — 
with relations 

/on _ f -XajXa,, l<i<j<^f N,-n 



where 



XajXa,, 1 <i < j and j > ^>f 



2, 0<i<^f^ 

2p, ^-fi + 1 < i < + 



p, ^>f^ + ^>f2 + 1 < i < - ^f^. 
The algebra |Gr^(i?(g))j is a special case of so-called quantum complete 
intersection algebras: Let N be positive integer, and for each i S {1, . . . , A^}, 
Ni be an integer greater than 1. Let qij (z k* = k\{0} for I < i < j < N . 
Define S to be the K-algebra generated hy xi, . . . , xn subject to the relations 

(3.2) XiXj = qijXjXi for all i < j and xf^ = for all i. 

S is called a quantum complete intersection algebra. For such S, its co- 
homology ring H*(S', k) = 0j>Q Ext5(K, k) was determined in Section 4 of 
[23] . For completeness and consistence of the paper, let us sketch it. 

Let K, be the following complex of free 5- modules. For each A^-tuple 
(oi, . . . , Oat) of nonnegative integers, let ^'(ai, . . . , a^v) be a free generator in 

degree ai H + on- Then define Kn = <3)ai+-+aN=nS^ {ai, . . . ,aN)- For 

each i G {1, . . . , A^}, let cTj, Tj : N — >■ N be the function defined by 

a is odd 
1, a is even. 



ai{a) 



and Ti{a) = for a > 1, t(0) = 0. Let 

di(*(ai, . . . , aN)) = {]l{-ir'qf'''^^'^'''^)xf^'''^{au . . . ,ai - 1, . . . ,aN) 

l<i 

if ai > 0, and di{^{ai, . . . ,0^)) = if = 0. Extend each di to an S- 
module homomorphism and set 

d = di + ■ ■ ■ + d]\r. 
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It is shown in Section 4 of [23j that {K,, d) is a resolution of k. 

Prom this resolution, one can compute Ext^(K, k). Applying Hom5(— , k) 
to K,, the induced differential d* is the zero map (since x"^'^"'"* is always 
in the augmentation ideal) and thus the cohomology is just the complex 
}loms{K,, k). Now let G }ioms{K2, n), rji S }ioms{Ki, k) be the func- 
tions dual to ^'(0, . . . , 2, . . . , 0) (the 2 in the zth place) and ^'(0, . . . , 1, . . . , 0) 
(the 1 in the ith place) respectively. The following conclusion is the Theorem 
4.1 in |23|. 



Lemma 3.2. The algebra H*(S', k) is generated by ^i,r]i (1 < i < N) with 
deg^i = 2 and degr/j = 1, subject to the relations 

iiij = Qij ijii, mij = Qji^jVi, ViVj = -QjiVjVi 
where qij = qj^ ifi>j- 

For any two nonnegative integers m,n, define an algebra A{m\n) as fol- 
lows. It is generated by r/i, . . . , r]m+n with relations 

[ -rjjTji, I <i < J and j > m, 

Proposition 3.3. Let q be a basic classical Lie superalgebra different from 
A(l, 1) and <I> its root super system. Then 

H*(| Gr2(i?g)|, k) ^ . . .,U+n] ® ^{m\n) 

where m = $J^,n = $q — ^'^'^ deg^j = 2, degr/j = 1. 

Proof. It is a direct consequence of Lemma 3.2 and the definition of | Gr^(i?g)|. 

□ 

Proposition 3.4. Let q be a basic classical Lie superalgebra different from 
A(l,l). Fix notions as above. Then 

(1) H*(|Gr2(u(0))!,K) ^H*(|Gr2(iig)[,K)"(") where the action ofu{t}) on 
H*(| Gr^(i?g)l, k) is given through 

(3.3) h-^i = -Niai{h)ii, h ■ r]i = -ai{h)r]i, 

fori <i<(^* - (^f^ ^'^d h G u(f)). 

(2) H*(Gr2(u(g)),K) ^ H*(| Gt^{Rq)\, k)"('')®''^2 ^^ere the action o/kZs = 
K{g\g'^ = 1) on H*(| Gr^(i?g)|,K) is given through 



(3.4) 9-ii = ih 9-Vi 



-7]i, i < 

Vi, i > ■ 



Proof. (1) To give the action u({)) on H*([ Gr^(iig)[, k), we explain ^j, r/j and 
h G u(f)) as chain maps K, — > K,. Then action is given by forming the 
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commutators of compositions of these chain maps. In fact, S,i,r]i has been 
explained as chain maps in [23] and they are described as follows: 



C,(^(ai, . . . , a^)) = H q^^^'^'^'hia^, . . . , a, - 2, . . . 



i<l 

r]i{^{ai, . . .,aN)) = cx'^"'-""'^~^'^{ai, . . . ,ai - 1, . . . ,aAr) 

where c = Ul<^Qi^^'''^'^^"'^'''^ Ui<ii-'^PQu^'''^ and iV = - <^>*. Now 
let h be an element in u(f}). Then h ■ ^(0, . . . , 1, . . . ,0) (the 1 is in the 
zth place) should equal to ai(/i)^'(0, . . . , 1, . . . , 0) (since one can regard 
^'(0, . . . , 1, . . . , 0) as the generator Xq,.). Extend it to higher items and one 
can verify directly the following extension of u{t}) on K, indeed commutes 
with the differentials: 

N 

h ■ ^'(ai, . . . ,aN) = '^Ti{ai)ai{h)'^{ai, . . .,aN) 
1=1 

for h G u{t)) and ai,...,a]\f > 0. Then the induced action of u(f)) on 
generators , r/, is given by 

h-ii = hii- iih = -Niai{h)ii, h ■ iji = hrji - rjih = -ai{h)rii 

for h G u(f}). 

As u{t}) is a commutative semisimple algebra, we indeed have 

Ext|Gr2(u(B))|('^''^) = ExtiGr2(R^)|#„(^)('^,'^) = Exti^^2(^^)|(/t,/^)"('') 

for i > (one can prove this fact similarly by applying the methods used in 
the proof of Lemma 2.7). Thus H*(| Gr2(u(0))|, k) ^ H*(| Gr2(i?g)|, k)"(W 
now. 

(2) By Lemma 2.7 and (1), 

H*(Gr2(u(g)),K) ^H*(|Gr2(u(g))|,K)'^^2 ^ h*{\Gt\R^)\, k)''^^^^^^\ 

Similar to (1), the following action of k7j2 on K, commutes with the differ- 
entials: 

$# 

g ■ ^{ai, ...,aN) = n(-l)"'("')^(ai, . . . ,a^). 
1=1 

This induces the action 

By the definition of Ni in (3.1), it is an even when i < <I>J^. □ 
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3.2. Cohomology of Gr^(u(g)). For a basic classical Lie superalgebra g, 
its enveloping algebra is denoted by U{q). As the case of u(g), define 

degi(i)):=0, degi(0 fl«) :=1, degi( g,) := 2. 

Then we will get a filtration on U{q) and associated graded algebra 

GT\U{g))=R,i^UH)) 

similarly. 

Lemma 3.5. Assume that Q ^ A(l, 1) and let Xa defined as in Lemma 
2.11. Then the graded algebra Rg has the following PBW basis consisting of 
elements 

/Q K\ ^11 . . . ™nr ™f>l . . . rr.bs „ci _ _ _ Ct 

where ai G $ii,/3j G $i2,7fc G ^'O; = ^n,s = ^fs'^ = ~ "'^^ 
0<ai<2,bj,Ck€f^ forl<i<r,l<j <s,l<k<t. 

Proof Similar to that of Lemma 2.11. □ 

Also, we set a^+j '■= Pi {I < i < s) and ccr+s+j := 7i (1 < ^ < t) for 
convenience and consistence. Clearly, 

Rs = RJix^:, l<i<^*-^*) 

where Ni is defined the same as in (2.5). Define := <f>* — and for 
any a = {ai,...,aN) G with < < 2 (1 < i < <l>fj, denote the 
corresponding PBW basis element x^^^ • • • by for short. 

Our next aim is to give some elements of lP{\Rg\, k). Recall l-Rgl"*" is 
the augmentation ideal of Now for each i G {1, . . . ,N}, define : 

|^b|+ (g) K by 

Caj (x , X ) = Ca^ 

where Cq,. is the coefficient of x^* in the product x^x'' as a linear combination 
of PBW basis elements. By its definition, ^cti is associative on and thus 
it may be extended to a normalized two-cocycle on |-Rg|. We next show that 
factors through the quotient map vr : |i?g| — t- |i?g| to give a nonzero two- 
cocycle on |i?g|. To attack this, we need show the (x'^jx'^) = whenever 
-jj.a jg ^YiQ kernel of the quotient map vr. Suppose x^ G Kervr, 

which implies that aj > Nj for some j. By the proof of Lemma 2.10, Xaj 
lies in the center of U{q) and so x^ = Xaj'X-'^ for some c G N-^. Then 
|Qi(x^,x'') = ^ai{xa]'x.'^,'x^) IS the the coefficient of x^' in the product 
Xaj^^'^y^^- It is zero now: If j = i, then since x'' G |-Rg|"^, this product 
cannot have a nonzero coefficient for x^\ If j ^ i, the same conclusion is 
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true since Xaj is always a factor of x'^x''. One can show the result similarly 
in the case x'^ € Kervr. 

Choose the section — : \Rg\ — )• \Rq\ of vr which just sent the PBW basis 
elements in Rg, given in Lemma 2.11, to the same elements in R^, described 
in Lemma 3.5. Since ^q,- factors through tt : \Rg\ — )• |i?g|, we may define 
■■ \Rg\'^ ^ l^gl"^ ^ K by 

e,,(x^xb) (x^ib) 

where x^,x'' are defined via the section — . 

Proposition 3.6. The set {^aji = 1,...,A^} represents a linear indepen- 
dent subset o/H^(|iig|, k). 

Proof. At first, let us show that every ^q- is a 2-cocycle. For this, it is 
enough to show that it is associative, that is, for any three PBW basis 
elements x'*,x^,x^, we have |q,-(x**x'^,x'^) = ^q- (x*^, x^x^). Since vr is an 
algebra homomorphism, we have x'^x'^ = x'^x'^ + y and x^x*^ = x'^x^ + z for 
y,z £ Kervr. Therefore, 

ea,(x-X^X^) = ^.^(X^b i^) 

= |,,(i-ib-y,x^)=|„,(i-x^i^) 

= ea,(x^i^^) ^ 

= (i", Xb^- + Z)= (i", 

= |,,(x^xbx^). 

Next, let us show that they are linear independent in H^(|i?g|,K). It is 
equivalent to show that for any linear combination / = '^iicxi , if it is a 
coboundary then every Cj = 0. Assume that f = dh for some h : \Rg\'^ — > k. 
Then 

since x^^ = in \Rg\ by Lemma 2.10. □ 

See Section 6 in [24J for the definitions of such elements in the case of 
pointed Hopf algebras. We are now in the position to prove the following 
theorem. 

Theorem 3.7. The algebra H*(| Gr^(u(0))|, k) is finitely generated. If M 
is a finitely generated | Gr^(u(g))|-modii/e, then H*(| Gr^(u(g))|, M) is a 
finitely generated module over H*(| Gr^(u(g))|, k). 

Proof. By Lemma 2.12, there is a filtration on |i?g| and results a graded 
algebra | Gr^(i?g)|. As the filtration is finite, there is a convergent spectral 
sequence associated to the filtration by 5.4.1 in [35]: 

(3.6) El'' = (Grf ( I I ) , ^) ^ H^+* ( | | , ^) . 
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Since the PBW basis elements (2.4) are eigenvectors for u(P)), the action of 
u(f)) on \Rg\ preserves the filtration and we further get a spectral sequence 
converging to the cohomology of [i?g#u(f))| = | Gr^(u(0))|: 

(3.7) H^+*(Gr2^)(|i?g|),K)"W ^ff+*(li2gU)"W -H^+*([Gri(u(0))U), 

where the isomorphism " = " can be proved similarly just as in the proof 
of Proposition 3.4. We can replace k by M in (3.6), (3.7) to get convergent 
spectral sequences with coefficients in M. 

By Proposition 3.6, we have some elements ^q,- in H2(|i?g|,K;). We wish to 
related the functions ^q. to elements on the E'l-page of the spectral sequence 
(3.6). In fact, one can copy the arguments stating before Lemma 5.1 in |23j 
and can assume that Iq. € E'^'^"'^ = H^(| Gr^(i?g)|, k) for some c G N. Since 
^Q,. € ii^{\Rg\, k), they are permanent cycles. Now, by Proposition 3.3, 
H^d Gr2(i?g)|, k) is indeed spanned by for 1 < i < iV = - ^f^. 

Claim 1. In H^(| Gr^(i?g)|, k), = |q,.. (The proof of this claim is the 
same with that of Lemma 5.1 in [23] and thus is omitted.) 

Let B*'* be the bigraded subalgebra of E^'* generated by the elements 
^j. By the claim 1, B*'* consists of permanent cycles. Let A*'* be the sub- 
algebra of B*'* generated by where p is the characteristic of k. By (3.3) 
and (3.4) in Proposition 3.4, is invariant under the action of u(f)) ® KZ2. 
Therefore, ^4*'* is a subalgebra of H*(Gr^(u(g)), k). Lemma 2.1 implies that 
A*'* is commutative since it is concentrated in even (total) degrees. 

Claim 2. A*'* satisfies the hypotheses of Lemma 2.13. To show it, it is 
enough to show that E^'* is a finitely generated module over A*'* . Propo- 
sition 3.3 implies El'* ^ R* {\ Gi'^ {Rg)\ , k) is generated by and r/, where 
r/f = 0. Hence El'* is a finitely generated module over B*'* which is clearly 
a finitely generated module over A*'*. Therefore, the claim is proved. 

Thus Lemma 2.13 (1) is applied and so H*(|i?g|, k) is a Noetherian Tot(^*'*)- 
module. Moreover, the action of u([}) on H*(|i?g|,K) is compatible with the 
action on A*'*, since the spectral sequence (3.6) is compatible with the ac- 
tion of u(f}). Therefore, H*(|Gr^(u(g))|,K) ^ H*(|i?g|, «:)"(") is a Noetherian 
Tot(A*'*)-module. Now, Tot(A*'*) is finitely generated since ^4*'* is just the 
polynomial algebra generated by ^f. We conclude that H*(| Gr^(u(0))|, k) 
is finitely generated. 

The second statement of the this theorem follows by a direct application 
of Lemma 2.13 (2). □ 

Next result is a direct consequence of Theorem 3.7 and Lemma 2.7. 

Corollary 3.8. The algebra H*(Gr^(u(g)), k) is finitely generated. If M 
is a finitely generated Gr^ {u{g))-supermodule, then H*(Gr^(u(0)), M) is a 
finitely generated module over H*(Gr^(u(g)), k). 
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3.3. Cohomology of u(g). In this subsection, we will give the proof of 
Theorem 3.1 provided g ^ A(l,l). Similar to Subsection 3.2, we have 
convergent spectral sequences associated the first kind of filtration given 
before Lemma 2.11: 

(3.8) Sf* = H^+*(Gr;,^(|u(0)|),K) ^ H^+*(|u(s)|, k), 

(3.9) H^+*(GrJ,)(|u(fl)|),M) ^ H^+*(|u(0)|, M), 

for any |u(g)|-module M. 

Previously, we identify the element G H^(| Gr^(i?g)|, k) with the ele- 
ment G H^(|i?g|,K). Prom this, wc know that is a permanent cycle 
and H*(|i?g7^u({))|, k) = H*(| Gr"'^(u(0))|, k) is finitely generated over the 
subalgebra generated by all . So our next aim is to find an clement 
/q,. G H*(|u(g)|,K) which can be identified with ^a-. If so, will be per- 
manent cycles and Lemma 2.13 can be applied. 

For each i G {1, . . . , — ^•f^}, let be the corresponding root. For 
our purpose, we choose a PBW basis of [^(fl), described as in Proposition 
2.5 (1), with requirements: si = ^ii-,s = xi = x^- for 1 < i < s and 

JJ. j± 

Vj = Xas+j for 1 < j < $g — where x^^. is defined before Lemma 2.11. 
Roughly speaking, we just want the PBW basis elements given in Lemma 
3.5 are still PBW basis elements in the following discussions. We choose a 
PBW basis for u(fl) with the same requirements as U{q). Such PBW basis 
will be fixed from now on until the end of this subsection. 

Define a /c-linear function fc^ : {\U{q)\'^)'^'p ^ k as follows. Let ri, . . . , r2p 
be PBW basis elements. If all of them have no factors belonging to U{i)), 
then 

faiiri (8) • • • r2p) := C12C34 • • • C2p-i,2p 

where Cij is the coefficient of x^' in the product ViVj as a linear combination 
of PBW basis elements. And set /«. to be zero whenever there is a which 
contains a factor living in U{i)). 

Similar to Subsection 3.2, we will show that fa^ factors through the quo- 
tient TT : U{q) u{q) to give a map (|u(0)|+)^*' n. Note that by the 
definition of /q,., it is always whenever the elements of U{\)) appear in a 
PBW basis element. So we need only to consider the PBW basis elements 
totally the same as that of i?g. So we can apply the same arguments de- 
signed for to /q,. and show that it indeed factors through the quotient 
map TT : U{q) — > u(0). Also, wc choose a section — : u(0) — )• U{q) of the 
quotient map vr. Then define fa^ : (|u(0)l+)^P ^ k by setting 

fai (r-i (g) • • • (8) r2p) ■■= faiih (S> ■ ■ ■ hp) 
for PBW basis elements ri, . . . , r2p G u(0). 
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Proposition 3.9. The set {/aj^ = l)---)'^** ~ ^^12} represents a linear 
independent subset o/H^'P(|u(0)|, k). 



Proof. The proof is similar to that of Lemma 6.2 in |23] and Proposition 
3.6. For completeness, we write it out. 

Firstly, we show that /q^ is a 2p-cocycle on |t/(0)|. Let rQ,...,r2p € 
[[/(g)!"*" be PBW basis elements without factors coming from C/(f)). Then 



2p-l 

5(/aJ(ro ^5 • • • r2p) = (-l)'+7a.(ro 

j=0 



' rjrj+i (g) • • • (g) r2p). 



By the definition of . , the first two terms cancel and similarly for all other 
terms. So i9(/aj = 0. 

Now we verify that /q,- is a 2p-cocycle. Also, let tq, . . . ,r2p G |u(0)|+ be 
PBW basis elements. Then 

2p-l 

5(/aJ(ro • • • (8) r2p) = (-l)*+Va.(?-o (8) • • • rjTj+i • • • rgp). 

i=o 

Using the same methods as in the proof of Proposition 3 



faA^ori (X" r2 (gi • • • (g) r2p) 



fa, (ron (g -^2 

fa, (rori <g -^2 

fa, (ro (g rrr2 
fa,{ro (g rir2 



6, we have 

(g'r2p 
(g'r2p 
(g'r2p 

® ^2p 

g''r2p 



r2p) = /a, (ro (g • • • (g 'rj+irj+2 (g • • • (g r2p) 



Similarly, we have 

fa,iro (g • • • g) r^-r^+i (g • 

for j = 0,...,2p-2. So 9(/a,) = 0. 

Now assume that Yli^ifai = for some h € HomK((|u(0) 
Then for each i. 



Ci — CY^'^jfaj){Xai'S^>X^^ 



idh){Xa, (g X^^-'^ (g • • • Xa, (g X^^-'^) 

Y ±h{Xa, ® X^^-^ ® • • • (g X^" • • • ® X^""^) 





since x^' = in u(g) by Lemma 2.10. 



□ 



Proof of Theorem 3.1 in case g 7^ A(l, 1). The functions /q. correspond 
to their counterpart ^q. defined on | Gr^(u(g))|, in the E'l-page of the spectral 
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sequence (3.8), by observing that they are the same functions at the level of 
chain complex (2.3) where we need replace |u(0)|+ by | Gr^(u(0))|'*'. Thus 
Proposition 3.9 implies that the function is a permanent cycle. Now 
we have known that i?^'* = H*(| Gr"'^(u(0))|, /t) is finitely generated over 
the subalgebra A*'* generated by all ^S- (see the proof of Theorem 3.7). 
Thus A*'* satisfies the conditions of Lemma 2.13 and thus H*(|u(g)|,K) is 
a Noetherian Tot(A*'*)-module and thus finitely generated. By Lemma 2.7, 
the first part of Theorem 3.1 is proved. The second part can be prove 
similarly by applying Lemma 2.13 (2) and Lemma 2.7. 

3.4. The case g = A(l, 1). We deal with the case g = A(l, 1) in a bigger 
context: Those basic classical Lie superalgebras with $12 being empty. By 
the descriptions of root supersystems given in Section 2.5.4 in p^l, this 
includes all basic classical Lie superalgebras except B(m,n) and G(3). For 
such Lie superalgebras, we have a nice filtration on them. 

We give a notion at first. For a coalgebra C and D Q C a subcoalgebra 
of C, define 

A°D:=D, a'^D:=A-'^{C^D + D^C), 

A'D := a\a'-^D) = A'\C A'-^D + A^'^D C) 

for i > 2. If D contains the coradical Cq of C, by definition Cq is the sum 
of all simple subcoalgebras of C, then D AD Q a'^ D C ■ ■ ■ will give a 
filtration of C. See Chapter 5 in [25] for details. 

Let g be a basic classical Lie superalgebra with $12 = (p. Then u(g) is a 
finite dimensional super cocommutative Hopf algebra and its coradical is k. 
Define 

F'u{g) := A^u(f)) 

for i > and then this gives a filtration of u(g). The associated graded 
algebra is denoted by gr(u(g)). It is a superalgebra naturally. For any 
a G we fix a basis ba of g^. By taking the union of such ba, we get a basis 
ofe Q,gci> 0a- Denote this basis by {xi, . . . , Xm+i, • • • ; and assume 

that Xi G ©Q,G$i go for 1 < z < m while Xi ^ 0Q,g$^ go for m < z < m + n . 

Lemma 3.10. gr(u(g)) = 5g#u({)) where Sq is generated by xi, . . . ,Xm+n 
with relations 

(3.10) XiXj = < . . X.' = 0, 



where rii 



XjXi, 1 < i < j, j > m, 

1 < i < m 
m < i < m -\- n. 
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Proof. Here the action of u(f)) on Sg is gotten through extending the actions 
of () on 0Q,g$0a naturahy. By the definition of the coproduct of u(g), 
0ae*9a So [a;i,a:j] G A^u(t)). This imphes we have 

in gr(u(0)). It is direct to show that every x"* is still a primitive element and 
so x^' G A^u(f)) too. Therefore, x^' = in gr(u(0)). Now all relations in 

(3.10) are fulfilled. By comparing the dimensions, we indeed get the desire 
isomorphism. □ 

Proof of Theorem 3.1 in case $12 = 4>- Since u(g) is finite dimensional, 
then the filtration -F°u(g) C -F^u(g) C ■ ■ ■ is finite, that is, there is n G N 
such that F"'u{q) = u(g). So have a convergent spectral sequence 

(3.11) Ef = H^+*(gr(,)(|u(fl)|),K) H^+*(|u(g)U). 

By Lemma 3.10, |gru(0)| = \Sq#u{[))\. Now it is clear \Sq\ is a quantum 
complete intersection algebra (see the second paragraph of Subsection 3.1). 
Thus it cohomology algebra is clear by Lemma 3.2. Actually, similar to 
Proposition 3.3, we have 

B.*{\Sg\, k) ^ k[^i, . . .,U+n\ O A(m|n) 

with m = $f ,n = and deg^j = 2,deg77j = 1. Also one can get that 
G H*(|S'g|,K)"(^) = H*(|gr(u(g))|,«;). By applying the same discussions 
used in the proof of Claim 2 in that of Theorem 3.7, is finitely gen- 
erated over the subalgebra generated by all ^f. So Lemma 2.13 (1) can be 
applied if we can show all are permanent cycles. In fact, we can define 
fi G II^^'(|u(0)|, k) through the same way as that of (see Proposition 3.9) 
and get fi corresponds to its counterpart defined on | gr(u(g))|. Therefore, 
every is a permanent cycle and thus H*(|u(g)|, k) is a finitely generated al- 
gebra. Using Lemma 2.7, we know that H*(u(g), k) is also finitely generated 
as an algebra. 

The second part of the theorem can be proved by applying Lemma 2.13 
(2) and Lemma 2.7 now. 

Remark 3.11. To show the theorem, we cannot apply the filtration de- 
veloped in this subsection to Lie superalgebras B(m,n), G(3) directly since 
otherwise more nilpotcnt elements will be created. On the contrary, the two 
kinds of filtration given in Section 2 can be applied to A(l, 1) and indeed 
Gr2(A(l,l)) = gr(A(l,l)). But in the case of g = A(l,l), it is possible 
that dim«^ ga > 2 and so the notation Xa has no meaning now. Therefore, 
if we want to deal with all basic classical Lie superalgebras in a unified way 
(that is, by using two kinds of filtration ), the notations and descriptions 
will be too delicate to grasp the main line. 
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4. Support varieties and representation type of Lie 

superalgebras 

In this section, we will recall the definition of the support variety of a 
module and give its relation with the complexity of this module. As a 
consequence, we will show that only |u(5[2)|, |u(o5p(l|2))| are tame and the 
others |u(g)| are all wild (see Section 5 for explicit description of osp(l|2)). 

Let be a basic classical Lie superalgebra and N a finitely generated 
left u(0)-supermodule. By Corollary 2.8 and Theorem 3.1, H'^^ {u{g) , k) is 
a finitely generated commutative algebra and H*(u(g), A^) is a finitely gen- 
erated H^''(u(0), K)-module. In particular, for any finitely generated u(0)- 
supermoduleM, EKt*^^^^{M, M) := e,>o ^^(^^(M, M) ^ e,>o (u(0), M*» 
M) is finitely generated over H^^(u(0), k) where M* is the dual u(0)-module 
of M. Let Im be the annihilator of action of H''''(u(0), k.) on Ext* (M, M). 
The cohomological support variety of M is defined to be 

V,(g)(M) := Z{Im) C Maxspec(H^^(u(0),K)). 

Note that we can regard M as a u(0)7^KZ2-module by Lemma 2.2. 

Let A be an associative algebra, M an ^-module with minimal projective 
resolution 

>Pn^ Pn-l ^ >Po^M^O. 

Then the complexity of M is defined to be the integer 

Ca{M) := min{c G Nq U cx) |3A > : dim^P^ < Xn''-\ V n > 1}. 

Lemma 4.1. Let g be a basic classical Lie superalgebra and M a finitely 
generated left u{Q)-supermodule. Then 

dimV,(g)(M) =C„(g)#,^,(M). 

Proof. By definition, H^''(u(0), k) = 0.>o Ext^^g^^^^a ^^'^ ^'^"^ u{q)#kZ2 
is an ordinary finite dimensional Hopf algebra. So this lemma is just a corol- 
lary of Proposition 2.3 in [K]. □ 

Recall the finite dimensional associative algebras over an algebraically 
closed field k can be divided into three classes (see [IS]): A finite-dimensional 
algebra A is said to be of finite representation type provided there are finitely 
many non-isomorphic indecomposable j4-modules. A is of tame type or A 
is a tame algebra if A is not of finite representation type, whereas for any 
dimension d > 0, there are finite number of ^-K[r]-bimodules Mi which are 
free of finite rank as right K[T]-modules such that all but a finite number 
of indecomposable ^-modules of dimension d are isomorphic to Mj 'S^k[t] 
k[T]/{T — A) for X £ k. We say that A is of wild type or ^ is a wild algebra 
if there is a finitely generated A-k{X, y)-bimodule B which is free as a right 
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k{X, y)-module such that the functor B (8)K(x,y) ~ from y)-mod, 
the category of finitely generated k,{X, y)-modules, to A-mod, the category 
of finitely generated ^d-modules, preserves indecomposability and reflects 
isomorphisms. 

The following result is a direct consequence of Proposition 3.2 in Chapter 
VI of [2]. 

Lemma 4.2. Let A he a superalgebra and assume that characteristic of k 
is not 2. Then \A\ and A^kL2 have the same representation type. 

Remark 4.3. For a finite dimensional superalgebra A, one also can de- 
fine its representation type in the super world, that is, in the category of 
supermodules with even homomorphisms. By Lemma 4.2 and Lemma 2.2, 
the representation type of\A\ as an ordinary algebra is indeed the same with 
that of A when we consider it as a superalgebra. So to consider the represen- 
tation type of a superalgebra A, it is enough to consider that of its underline 
algebra \A\. 

The following conclusion is also needed. 

Lemma 4.4. If there is a finite dimensional u(g)^K'Ij2 -module M such that 
Cu(g)^K22 (^^) ^ 3, then u(q)#k7j2 is wild. 

Proof. Let H be an arbitrary finite dimensional Hopf algebra such that 
Ch{X) > 3 for some If-module A^. Then Theorem 3.1 in |15] implies 
that H is wild provided H*(i?, k) is finitely generated and H*{H, N') is a 
Noetherian module over H*(i/, k) for any finite dimensional i?-module A^'. 
So the lemma is proved due to our Theorem 3.1. □ 

Theorem 4.5. Let g = 0o © 0i be a basic classical Lie superalgebra over 
K. Then \u{g)\ is wild except = s[2 or q = osp(l|2) or q = C(2). Both 
|u(sl2)| and |u(op5(l|2))| are tame. 

Proof. The proof is base on the estimation of the number C^(^q-j^i^^^{k). By 
Proposition 2.1 in [15], we have 

Owing to (1.4) in [16], Vu(go)(K) can be identified with 

-^uCgtoW := {a^e0o|xW =0}U{0}. 

Now we have known that 0o is a direct sum of simple Lie algebras of type 
A„, B„, C„, D„, G2 or K. By Lemma 2.10, 

dimVu(go)(K) = dimru(gQ)(K) > 3 
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except 00 = or go = s[2®k. Thus Lemma 4.1 implies that Cu(g)#KZ2(.^) ^ 
Cu(go)('^) = •^i™"'^u(0o)(^) — unless Qq = 5I2 or go = 5(2 © k. The latter 
only appear in the case g = C(2). So now it is not hard to see that in the 
rest list of basic classical Lie superalgebras only s[2 and 05p(l|2) satisfy its 
even part is 5l2- By applying Lemma 4.4, the first part of theorem is proved. 

For the second part, it in known that u(s[2) is tame (see for example [13]). 
The algebra |u(o5p(l|2))| is proved to be a tame algebra by Farnsteiner in 
the Example in Section 4 of [Hj. □ 

Conjecture 4.6. The algebra |u(C(2))| is a wild algebra. 

5. Restricted representations of osp(l|2) 

Comparing with the case 5(2 , we know a little about the representations 
of u(osp(l|2)). In the last section of the paper, we want to determine 
all finite dimensional representations of u(osp(l|2)) inspired that fact that 
|u(osp(l|2))| is tame. To do it, the representation theory of 5I2 and the the- 
ory of Frobenius extensions are need. In this section, we only need p 7^ 2. 

5.1. SI2 case. In this subsection, the restricted simples and projectives of 
512 are summarized. Recall the restricted enveloping algebra u(s[2) of s[2 is 
generated by e, /, h with relations 

[h,e]=2e, [hj] = -2f, [ej] = h, = h, = ^ = 0. 

For any < A < p — 1, we define a A + 1-dimensional u(sl2)-module V^^ 
as follows. This module has a basis vo,vi, . . . ,v\ and the actions of the 
generators are given by the following rules 

(5.1) hvi = {X-2i)vi, evi = -i{X + l - i)vi-i, fvi = -Vi+i 

where i = 0, 1, . . . , A and V-i = fA+i = 0. It is well-known that {Vq^'IO < 
A < p — 1} forms a complete non-redundant list of simple u(s[2)-modules 
and Vq ~^ is projective, which is called a Steinberg module in general. 

It is convenient to use a graphical representation for the structures of 
modules. Every vertex stands for a vector from our chosen basis; arrows 
and dotted ones show the actions of e and / respectively. The example 
below is for p = 3, A = 2. 
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Also for any < A < p — 2, we define the module Pq ^^^^ by the following 
rules. The basis of Pq ^ ^ is {bi,ai,Xj,yj\0 <i<p — 2 — X, 0<j<A} 
and the actions of h, e, / are given by: 



(5.2) hbi = {p-2- X-2i)bi, fbi = -bi+i 

(5.3) ebi = -i{p - X - 1 - i)bi-i + Ui-i; 

(5.4) hyj = {2j - X)yj,eyj = yj+i, hxj = (A - 2j)xj,fxj = -Xj+i 

(5.5) fyj = - X - l)yj^i; exj = -j{X + 1 - j)xj-i; 

(5.6) /lOj = (p- 2 - A - 2i)oj, eat = -i{p - X - 1 - i)ai-i, fai = -ai+i, 

where 6p_i_A = Vx, Vx+i = ap-2-A, xx+i = ao, 6-i = xx- 

The graphical description of the Pq~^~'^ (for p = 5, A = 1) is indicated as 
follows. 



It should be known that {P^~'^~'^, Vg'~^|0 < A < p — 2} forms a complete 
list of indecomposable projective u(s[2)-modules up to isomorphism. For 
safety, one also can duplicate the proof of Lemma 2.2.6 in |36j to show this 
fact. 

One also can use the following easy way to represent the structure of 
Po~^~^ where we use • or o to denote the composition factors of Pq^^ 

^0 • 



From this, it is not hard to see Vo(A) and Vo(p — 2 — A) belongs to the same 
block Bq(X) for any < A < p — 2 and there are exactly blocks. Also, 
one can compute the endomorphism ring Endu(j[2)(P(^ ©Pq"^"'^) S^* 
the basic algebra of the Bo(X) now. In fact, we will give such computations 
for |u(osp(l|2))| and the readers can recover the block structures of u(5[2) 
from our computations easily. 

Remark 5.1. Since the notions such as V^,P^, etc. will be used for 
|u(osp(l|2))|, we add the subscript to each notion and get Vi^,Pq, etc. 
denoting the corresponding concepts appeared in classical case, u(s[2). 
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5.2. Probenius extensions. Let R he a ring and S C R a. subring. Sup- 
pose that a is an automorphism of S. If M is an 5-module, we let 
denote the S'-module with a new action defined by s * m := a{s)m. We say 
R is an a-Frobenius extension of S if 

(i) i? is a finitely generated projective S'-module, and 

(ii) there exists an isomorphism ip : R ^ Hom5(i?, aS) of {R, S)- 
bimodules. More on Frobenius extensions and their applications can be 
found in [HUH]. For our purpose, the following serval concepts are needed. 

Given an endomorphism f3 of S, a /3 -associative form from i? to is a 
biadditive map (, ) : R x R ^ S such that 

(a) {sx,y) = s{x,y), {b){x,ys) = {x,y)f3{s), {c){xr,y) = {x,ry) 

for all s € S and r,x,y € R. 

Let (, ) : X i? — > 5 be an a^-'^-associative form. We say two subsets 
{xi, . . . , Xn} and {yi, . . . , y^} of R form a dual projective pair relative to (, ) 
if 

n n 

r = '^yia{{xi,r)) = '^{r,yi)xi for all r e R. 

1=1 i=l 

Recall Theorem 1.1 in [3J states that R is an a-Frobenius extension of S 
if and only if there is an a~^-associative from (,) from R to S relative to 
which a dual projective pair {xi, . . . , x„}, {yi, . . . , yn} exists. Now let R : S 
he an a-Frobenius extension and consider two i?-modules M, A^. Then there 
is a dual projective pair {xi, . . . ,x„}, {yi, . . . ,yn}- The mapping Tr[^.5'] : 
Homs(M, aN) RomR{M,N), which is defined by 

n 

TV[ij:5](/)M = ^2/i/(xim), for / G Hom5(M, „iV) and m G M 
1=1 

is usually called the trace map. 

The following lemma will give us a connection between |u(osp(l|2))|- 
modules and u(st2)-modules. To describe it, we fix a notation firstly. Let R 
he a ring and M, N two i?- modules. If M is a direct summand of as a 
-R- module, then we denote it by M\N. 

Lemma 5.2. Let M be an \u{o5p{l\2))\-module, then 

M||u(osp(l|2))|®,(,(^) M. 

Proof. Define |u(osp(l[2))j(g)u(gi2)M M by a®m am for a G |u(osp(l|2)) 
and m G M. Clearly, if is an |u(osp(l[2))|-epimorphism. 

Recall |u(osp(l|2))| : u(s[2) is an id-Frobenius extension. Let x = 621 — 
^13;?/ = 631 -|- ei2 where Cij is the unit matrix with 1 in the i,j-entry and 
otherwise. Then the dual projective pair is xi = 1,X2 = x,X3 = y,X4 = 
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xy + 1 — [x,y]; yi = xy,y2 = y,y3 = —x,y4 = 1. It is straightforward to 
show that Yli=i Vi^i — ^- ^'^^ details, see the Example in page 423 of [3j. 

Define -0 : Af — ^ |u(osp(l|2))| <8)u(si2) Af by m H> 1 m for m G M. It is a 
morphism of u(s[2)-modules. Therefore, the trace map Tr[|u(oep(i|2))|;u(s(2)] (V') 
of ip is an |u(osp(l|2))|-morphism from M to [u(osp(l|2))|(g)u(5(2)M. By def- 
inition, 

4 

Tr[|u(psp(i|2))|:u(si2)](V')("i) = ^yi(^Xim 

i=l 

for m G M. Then V'Tr[|u(osp(il2))|:u(s(2)] = Y.i=iyiXi^ = m for m G 
M. Consequently, 

V'Tr[|u(osp(i|2))|;u(i5i2)](V') = idu 
and thus M[|u(osp(l|2))| (»u(s[2) M. □ 

5.3. Simples, Projectives and Blocks. In this subsection, the structures 
of simple modules, projective modules and the basic algebras of blocks of 
|u(o5p(l|2))| are given. As a byproduct, its Auslander-Reiten quiver is de- 
termined. 

5.3.1. Simples and Verma modules. As usual, for a Lie superalgebra g, its 
even (resp. odd) part is denoted by go (resp. gi) and g = go © gi- Recall 
that g = osp(l|2) consists of 3 x 3 matrices in the following (l|2)-block form 






V 


u 


u 


a 


b 


— V 


c 


—a 



for a,b,c,u,v G k. The even subalgebra osp(l|2)o, which is isomorphic to 
5I2, is generated by 



" 





" 




' 










" 





" 








1 


, h = 





1 





, / = 




























-1 







1 






A basis for the odd part osp(l|2)i is given by 



" 





1 " 







1 


" 


1 








, F = 






















-1 









The commutation relations of these basis are collected as follows: 
[h,E]=E, [h,F] = -F, [h,e] = 2e, [h,f] = -2f, 

[e,E]=0, [e,F] = -E, [e,f] = h, 
[f,E] = -F, [f,F] = 0, 
[E,E] = 2e, [E,F] = h, [F,F] = -2f. 
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It is not hard to see that the restricted enveloping algebra u(osp(l|2)) of 
05p(l|2) is generated by even element h and odd elements E, F with relations 

EF + FE = h, hE- Eh = E, hF - Fh = -F, 

E^P = F^P = 0, hP = h. 

The structures of simple modules and Verma modules have been given in 
a more general context in [33]. Let's recall them. For any < A < p — 1, we 
define a 2A + 1-dimensional |u(osp(l|2))|-module as follows. This module 
has a basis vo,vi,. . . , V2\ and the actions of the generators are given by the 
following rules 



(5.7) hvi = (A - i)vi, Evi = i Fvi = Vi+i 



-■^Vi-i, if i is even 

{X — ^-^)vi-i, if z is odd, 

where i = 0,1,..., 2A and V-i = V2x+i = 0. By Proposition 6.3 in |c 
{y^|0 < A < p—1} forms a complete non-redundant list of simple |u(osp(l|2))|- 
modules. The graphical representation for is indicated as follows. Simi- 
lar to the case of 5(2, arrows and dotted ones show the actions of E and F 
respectively. 



'1 



Let U4. and u_ be the subalgebras of ju(osp(l|2))| generated by h,E and 
h, F respectively. Also, for any 0<A<p — 1, we have the Verma modules 
W"^ and W''^ which are free over u+ and u_ respectively. They are given by 
the following rules. 

I if i is even 

(5.8) hvi = {X-i)Vi, Evi = < / . -I Fvi=Vi+i, 

I (A 2~)^i-i' if z IS odd, 

\vi-i, if i is even 



(5.9) hvi = {i- X)vi, Evi = Uj+i, Fvi 



(^^ — A)wj_i, if z is odd. 



2' 

i 

2 

where i = 0, 1, . . . , 2p — 1 and V-i = V2p = 0. For p = 3, A = 1, their 
graphical representations are as follows. 



W 



1 . 
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Clearly, all Verma modules have dimensions 2p and we have the following 
non-split extensions: 

^ yp-i-^ ^ ^ ^ 0, 

for < A < p - 1. 

Remark 5.3. Contrast to the 5I2 case, the Verma modules , W~2~ are 

special. Now, Hom|u(p5p(i|2))| (VfV, V) ^ Rom\^(^^,^(^i\2))\{W^ ,W^) 
= k[x]/(x^) while all Verma modules of u(5[2) are bricks, that is, their 
endomorphism rings are isomorphic to n. 

5.3.2. Projective modules. Inspired by the case of s[2 and the work given by 
Xiao [36], we define the following modules, which will be shown to form a 
complete list of indecomposable projective |u(osp(l|2))|-modules. 

For any < A < p — 1, we define an |u(osp(l|2))|-module, denoted by 
PP^^^^, by the following rules. As a space, it has a basis consisting of 
{bi,ai,Xj,yj\0 < i < 2p — 2 — 2A, < j < 2A}. The actions of h,E,F are 
given by: 



(5.10) hbi = {p-l-X-i)bi, Fbi = bi+i, 

+ flj-i, if i is even 

~2 



(5.11) Ebi 



(p — 1 — A — ^i)&i_i — aj_i, if z is odd; 



(5.12) hyj = {j - X)yj, Eyj = yj+i, 

(5.13) Fy = I 2^-^' ifjiseven 

^ \ (V" ~ if i is odd; 

5.14) hxj = {X — j)xj, Fxj = Xj^i, 

{—^Xj^i, if j is even 

(A-^)xj_i, ifjisodd; 



(5.15) Ex- - ^ 2 J 



5.16) hai = {p — l — X — i)ai, Foj = Oj+i, 

if i is even 



5.17) Eai 




X — ^^)ai-i, if z is odd. 



where b2p-i-2X = y2X, y2\+i = 02p-i-2A, a;2A+i = «o, = X2\. 

The graphical description of the pv^^^'^ (for p = 3, A = 1) is indicated as 
follows. 
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Proposition 5.4. The set {P^\0 <X<p-l} gives a complete list of non- 
isomorphic indecomposable projective |u(osp(l|2))|-mo(iw/es. All of them 
have dimensions 4p. 

Proof The second statement is obvious. For any < A < p — 1, pp^^^-^ 
is clearly indecomposable and its head is isomorphic to Owing to 

the classification of simple |u(osp(l|2))|-modules, the conclusion is proved 
provided that we can show pp^^~^ is projective. Actually, from E"^ = e and 
F'^ = —f in |u(osp(l|2))|, one can write the actions of e, / on the basis given 
in (5.10)-(5.17) directly: 

_ f - A - §)6i_2 + (p - A)aj_2, if z is even _ _^ ^. 

I -^(P - A - 1 - ^)6i_2 + {p-l- A)ai_2, if i is odd, ' 

{-§(p-A-|)ai_2, if i is even 

-^(p - A - 1 - ^)aj_2, if ^ IS odd, 



= yj+2, fvj 



-|(| - A - l)yj-2, if j is even 
-^(■^ - A)yj_2, ifjisodd. 



(-|(A + 1 - |)xj_2, if j is even _ 
2 )^i-2' ifjisodd, 
for < i < 2p - 2A - 2 and < i < 2A. Denote the restriction of pp-i-^ 
to u(5[2) by -P'''~^^'''|u(si2)- Then, it is not hard to see that 

-f^'^ Iu(sl2) = -^0 ® -^0 

if A / 0,p — 1, and 

As a conclusion, the restriction P^^^^''^\u{si2) projective for all < A < 
p — 1. Therefore, Lemma 5.2 implies pp-^-^ itself is projective. □ 

An indecomposable projective module corresponds to an extension of 
Verma modules. Indeed, for any 0< A <p— Iwe have the following 
non-split exact sequences 

o^w^ ^ pp-^-^ ^p-i-^ ^ 0, 
O^W^ ^ pp~^~^ WP-^->^ 0. 

This verifies and strengthens the Proposition 6.3 (iii) in |33] . which states 
P"^ has a Verma filtration with and W^~^~^ as subquotients. 
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5.3.3. Blocks and Auslander-Reiten quivers. By above proposition and the 
structures of projective modules, we know that only and I/P"^"-** are 
composition factors of P'^ for < A < p — 1. Thus there are exactly 
blocks and V'^,V^^^^'^ belong to the same block for < A < In 
particular, the block containing V is primary, that is, it has only one 
simple module. Our next aim is to describe the basic algebras of these blocks 
using quivers with relations. For more on quivers and related terminologies, 
see [2]. 

Take an A € {0, 1, . . . ,p — 1}. By the standard methods using in repre- 
sentation theory of finite dimensional algebras [2], the basic algebra of the 
block containing V'^ is isomorphic to 

End|„(„,p(i|2))|(P^eP^^-i-^) 

if A / 2zl and isomorphic to 

End|u(„jp(i|2))|(P^) 

otherwise. 

Define A2 to be the algebra given by the following quiver and relations 



JZl. 

2/2 



XiVj 



■ ViVj 

ViXj 



for 1 < z / j < 2, 




Lemma 5.5. Assume that < X < p — 1. 

(1) // A / 2^, then End|,(o,p(i|2))| (P^ pf-i"^) ^ A2. 



(2) End|u(o3p(i|2))|(P 



Ai. 



Proof. We only prove (1) since (2) can be proved similarly. For (1), we can 
represent projective modules pp^^^^ and P'^ by using the following graphs: 



pp 



-l-A . 



V 



Ao 



yp 



-1-A, 



■^p-l-A 



VP' 



^-A 
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From this, one can see that there are exactly two non-trivial linear inde- 
pendent |u(osp(l|2))|-morphisms from pp-^-^ to P^: 

• • 

o o 

Similarly, we also have two non-trivial linear independent |u(o5p(l|2))|- 
morphisms X2,y2 from P'^ to pp-^-^-, 

o o 
X2 : ^ / y2-- P^ ^ \ 
• • 
Clearly, such maps indeed generate End|u((,5p(i|2))| (i^'*^ ® pp~^~-^) and ex- 
actly satisfy the relations in the definition of A2. □ 

Summarizing, we have proved the following. 

Proposition 5.6. Let k be an algebraically closed field of characteristic 
p > 2, and u(osp(l|2)) the restricted enveloping algebra of Lie superalgebra 
osp(l|2) over k. Then 

(1) The algebra |u(osp(l|2))| hasp isomorphism classes of simple modules, 
i.e. forO < X<p-l. 

(2) The algebra |u(osp(l|2))| has ^ blocks. 

p-i 

(3) The block containing V 2 is primary and its basic algebra is isomorphic 
to Ai. 

(4) For any < A < the simple modules V'^ and yp^^^-^ belong to the 
same block, denoted by B{X), whose basic algebra is isomorphic to A2. 

Remark 5.7. (1) Let A be an artin algebra. Operating it by its dual 
D{A) := Homf5(^, k), one can get a new algebra T{A), called the trivial 
extension of A. By definition, the underlying vector space of T(A) = A (B 
D{A) and the multiplication is given by 

(a, d){a' , d') = {aa' , da' + ad') 

for a, a' G A, d,d' G D{A) by noting D{A) is an ^-^-bimodule in an 
obvious way. It is not hard to see that A2 is indeed the trivial extension of 
the Kronecker algebra, that is, the path algebra of the quiver 



(2) By the Example in Section 4 in [T5j, |u(o5p(l|2))| is a tame algebra, 
which is a direct consequence of our results now. Moreover, one can see that 
all blocks of |u(osp(l|2))| are tame. This is not the case for u(sl2), which 
has exactly one block of finite representation type. 
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The categories of finite dimensional representations over algebras Ai and 
A2 had been well understood. Recall a graph is called a tube if it is isomor- 
phic to ZAoo/n for some positive integer n and n is called the rank of this 
tube. A rank 1 tube is said to be homogeneous. For details about Auslander- 
Reiten quivers and translation quivers, see Chapter VII in [2] and [28]. The 
Auslander-Reiten quiver of Ai can be drawn as follows. 

P = = 

It It 



It It 

A P^K family of homogeneous tubes 

The Auslander-Reiten quiver of A2 is just the double of that of Ai. 

5.4. Finite dimensional indecomposable modules. Inspired by the forms 
of the Auslander-Reiten quivers of the basic algebras of its blocks and the 
familiar representation theory of A2 and Ai, we can construct all the inde- 
composable representations of |u(osp(l|2))[ now. 

5.4.1. V'^{n) and V^{n). For any positive integer n and < A < p — 1, the 
basis of V^{n) is 

{a„(m - l),e^,(m)|0 < m < n, <u <2p-2X-2, 0<v <2X} 

with actions given by 

hey{m) = (A — t')e^(m), Fev{in) = ev+i{m), 

(^^) _ I -|e„_i(m) + 5^Qa2p-2\-2{m), if v is even 
1 (A — ^^)et,_i(?Ti), if V is odd, 

hau{m — l) = {p — 1 — X — u)au{'m — 1), Fau{m — 1) = au+i{m — 1), 

Eau{m-l) = i 1)' if n is even 

I {p — 1 — X — ^^)au_i(m — 1), if n is odd, 

where au{—l) = o-uin) = for < u < 2p — 2A — 2, a_i(m — 1) = 
fl2p-2A-i("T'~l) = for 1 < m < n and e2A+i ("T') = ao{m—l) for 1 < m < n. 
The following is the graphical description of V^{n) in the case n = 1, A = 1 
and p = 3: 




For any positive integer n and < A < p — 1, the basis of V (n) is 
{au{m - l),e^(m)|0 < m < n, < u < 2p - 2X - 2, < v < 2X} 
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with actions given by 

hey{m) = (A — ■u)e„(m), Fev{m) = e^+i(m), 
— |e^_i(m), if V is even 



Eey (m) 



(A — ^^)et,_i(m), if u is odd, 



2 

hauirn — l) = (p— 1 — A — u)au{m — 1), Fauim — 1) = au+i(m — 1), 

— |au_i(m — 1) + (5uoe2A("^)) if'" is even 
(p — 1 — A — ^^)a„_i(m — 1), if is odd, 



Eau{m — 1) 



where au(— 1) = a„(n) = for < ti < 2p — 2A — 2, e_i(m — 1) = e2A+i(f7T' — 
1) = for < m < n and eo(m — 1) = a2p-2\-i{m — 1) for 1 < m < n. The 
following is the graphical description of V^{n) in the case n = 1, A = 1 and 
p = S: 



\ 



For n > 1, the induced Auslander-Reiten sequences are 

^ V^{n) V^{n + 1) e V^{n + 1) ^ V^{n + 2) ^ 0, 

^ F^(n + 2) ^ F^(n + 1) e V^{n + !)-)• t^^(n) ^ 0, 

^ ^ e pp-i-^ ^ V^{1) 0. 

Note that 1/^(0) = = V^{0). The Auslander-Reiten translation is given 

by 

TV^{n + 2) = F^(n), TV^{n) = V^{n + 2), for n > and tV^{1) = V^{1). 

It is not hard to sec that they indeed give the prcprojcctivc component, 
showing as follows, of the Auslander-Reiten quiver described after Remark 
5.7. 
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5.4.2. W^{n) and W^{n). For any positive integer n and < X < p — I, the 
basis of W^{n) is 

{eu(m)|l < m < n, < u <2p — 1} 

with actions given by 

heu{m) = (A - u)eu{m), Feu{m) = e„+i(m), 

-|e„_i(m) + 5uoe2p-i{'rn + 1), if u is even 



Eeu{m) = 



{\ — '^^)eu-i{m), if wis odd, 



where e„(n + 1) = for < u < 2jo — 1, e2p{m) = for 1 < m, < n. The 
following is the graphical description of W'^{n) in the case n = 2, A = 1 and 
p = 2>: 



\ 



For any positive integer n and < A < p — 1, the basis of W^{n) is 

{fu{m)\l <m<n, < u < 2p - 1} 

with actions given by 

hfu{m) = (A - u)fu{m), Efu{m) = fu+i{m), 

f + 6uof2p-i{m - 1), if u is even 



Ffuim) 



- A)/„_i(m), if Mis odd, 



where /^(O) = for < n < 2p — 1, f2pi'm) = for 1 < m < n. The 
following is the graphical description of W^{n) in the case n = 2, A = 1 and 
p=S: 



'-<•••*-<•••* •^...•^...* 

For n > 1, the induced Auslander-Reiten sequences are 

^ W^{n) W^{n + 1) e W^{n - 1) ^ W^(n) ^ 0, 

^ Ty^(n) ^ W^{n + 1) VF^(n - 1) ^ Tl^^(n) ^ 0. 

Here we define VF^(O) = H^'^(O) = 0. The Auslander-Reiten translation is 
given by 

TW^{n) = W^{n), TW^{n) = W^{n) forn > 1. 
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5.4.3. T^{s,n). Forn € Z+, < A < p - 1 and s = (si,S2) e k* x k*, the 
basis of T^{s, n) is 

{eu(m), eu(m)|l < m < n, < u <2p — 1} 

with actions given by 

heu{m) = (A - 'u)e„(m), Fe„(m) = eu+\{m), 

Eeu{m) = 



I -|e„_i(m) + si(5„oe2p-i('^n) + <5„oe2p-i('^« - 1), if « is even 
I (A — ^^)eu-i{m), if u is odd, 

Muim) = (A - 'u)e„(m), Fe„(m) = e„+i(m), 

(^^^ _ I -|e„_i(m) + S2<5uoe2p-i(m) + (5uoe2p-i(?Ti - 1), if u is even 
" 1 ~ ^^)^u~i{'m), if u is odd, 

where k* := k\ {0}, e„(0) = 6^(0) = for < « < 2p — 1, and e2p{m) = 
e2p{m) = for 1 < m < n. The following is the graphical description of 
T^{s, n) in the case n = 2, A = 1 and p = 3: 

eo(2) 



(2) 



(1) 



*• • • 



eo(l) 




y • • •«- • • • •«- 



For n > 1, the induces Auslander-Reiten sequence is 

T^{s, n) T^{s, n + 1) e T^{s, n - 1) ^ T^{s, n) 0, 
where T'^(s, 0) = 0. And the Auslander-Reiten translation is given by 
TT^{s,n) = T^{s,n) forn > 1. 

Proposition 5.8. Let s = {si,S2),t = (ti,i2) e k* x k* . Then T^{s,n) = 
T^(t, m) if and only if m = n and = jf- 

Proof. " " Comparing the dimensions of both modules, we have m = n. 
As a case to explain our understanding, there is no harm to assume that 
T^(s, 1) ^ T^{t, 1). Denote the basis of T^(t, 1) by {e„(l)', e«(l)'|0 <u< 
2p — 1} and the isomorphism from T^{s, 1) to T^{t, 1) by (p. It is not hard 
to see that one can assume that 
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or 

(p{eu{l)) = ci4(l), V'(e«(l)) = C2e^(l), 

for some ci,C2 G k* . In the first case, by ip(Eeo(l)) = Eip{eo{l)) and 
ip(Eeo(l)) = Eip{eo{l)), we have 

S1C2 = Citi, S2C1 = 02*2 

which imphes |^ = ^ = ||. In the second case, also from ip{Eeo{l)) = 
E(p{eo{l)) and (p{Eeo{l)) = E(p{eo{l)), one can show that 



S1C2 = Cit2, S2CI = C2il 



and so ^ 



£1 = *L 
C2 S2 ■ 

" Conversely, define 



<p : T^(s, 1) ^ r\t, 1), e„(l) ^ ^e^l), e„(l) ^ ^(1) 

for < u < 2p — 1. It is direct to show that f is a morphism and bijec- 
tive. Thus T-^(s, 1) = T'^(t, 1). From the Ausanlder-Reiten sequences we 
constructed, T^{s,n) = T^(t,n) for any n > 1. 

□ 

Not that 77 = is equivalent to S1S2 = *i*2- For any c G k*. define T^{n) 
to be any one of T^{s,n) satisfying S1S2 = c. Proposition 5.8 implies that 
{T^{n)\c G K*,n > 1} forms a complete set of representatives of modules 
{T^{s,n)\s = (si,S2) e K* X K*,n> 1} for any fixed A G {0, 1, . . . , 2p - 1}. 

Remark 5.9. Similar to the case of 5.4.1, 5.4.2, one also can define an 
indecomposable module T'^{s,n) for n G Z"*", < A < p — 1 and s = 
(si,S2) G K* X K*. Similarly, the basis of T^{s,n) is 

{fu{m)Ju{m)\l<m<n, < u < 2p - 1} 

with actions given by 

hfu{m) = {u- A)e„(m), Efu{m) = /„+i(m), 

f + siSuohp-iim) + Suohp-iim - 1), 

\ (^-A)/„_i(m), 

(u - X)fu{m), Efuirn) = /„+i(m), 



hfu{m) 
Ffuim) 



ifu is even 
ifu is odd, 



|/u_i(m) + S2Suof2p-i{m) + 6uof2p-i{m - 1), ifu is even 
- A)/u_i(m), ^fu js odd. 



where /u(0) = /«(0) = for < < 2p — 1, and /2p(m) = f2p{rn) = for 
1 < m < n. The following is the graphical description of T^{s,n) in the 
case n = 2, A = 1 and p = 3: 
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But they will not provide new modules, which is a result of our next 
theorem. 

Combing the Auslander-Reite sequences constructed for W'^{n),W^{n), 
T^{s, n) and Proposition 5.8, we have family of homogeneous tubes now 
for any fixed A G {0, 1, . . . , 2j9 — 1}. Comparing with the Auslandcr-Rcitcn 
quiver constructed after Remark 5.7, we can summarize our works up to 
now into the following result. 

Theorem 5.10. The modules 

(1) /or < A < p - 1, 

(2) V^{n), V^{n) for < X < p - 1, n > 0, 

(3) W^{n), W^{n) for < X < p - 1, n > 1, and 

(4) T^{n) for ce K*, < X<p-1, n>l, 

form a complete list of all finite dimensional indecomposable modules of 
|u(o5p(l|2))| up to isomorphism. 

It is not hard to see that all indecomposable |u(osp(l|2))|-modules we 
constructed are indeed supermodules naturally. For example, for the simple 
module defined as in (5.7), we can set vo,V2, ■ ■ ■ , V2\ to be even elements 
while vi,v-i, . . . ,V2x-i be odd elements. From this, is an u(osp(l|2))- 
supermodule. Similar for other modules. 

So now we can assume all modules in Theorem 5.10 are u(osp(l|2))- 
supermodules. Let 11 be the parity change functor, by definition it just 
interchanges the Z2-grading of a supermodule. 

Corollary 5.11. The modules 

(1) P^, n(P^) forO<X<p-l, 

(2) V^{n),V^{n),U{V^{n)),U{V^{n)) for < X < p - I, n>0, 

(3) W^{n),W^{n),U{W^{n)),U{W^{n)) for Q < X < p - 1, n > 1, and 

(4) T^{n), U{T^{n)) for a e k* , Q < X < p - 1, n > 1, 

form a complete list of all finite dimensional indecomposable supermodules 
o/ u(o5p(l|2)) up to isomorphism. 
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Proof. It is enough to show every mdecomposable supermodule M is indeed 
indecomposable as an |u(osp(l|2))|-module. Assume now M = Mi M2 
in the |u(osp(l|2))|-module category. Let vr : 0jg7 -Pj ^ M be the projec- 
tive cover of M in the category of supermodules. Here we assume every 
Pi is indecomposable as a supermodule. By Proposition 12.2.12 in [19J and 
our description of projective |u(osp(l|2))|-modules, all Pi are indeed inde- 
composable projective |u(osp(l|2)) [-modules. So ©jg/i^i — )• M is also a 
surjection as |u(o5p(l|2)) [-modules. Therefore, we can assume that there 
is subset J C I such that 7r(0.gjPj) = Mi and so Mi is a supermodule. 
Similarly, M2 is a supermodule too. Thus M = Mi or M = M2. □ 
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